ABSTRACT. We prove a non-archimedean analogue of the fact that a closed subvariety of a semiabelian variety is hyperbolic modulo its special locus, and thereby generalize a result of Cherry.
INTRODUCTION
The Green-Griffiths-Lang-Vojta conjectures predict that a quasi-projective variety X over C is of log-general type if and only if there is a proper closed subscheme ∆ ⊂ X such that X is Brody hyperbolic modulo ∆ (i.e., every non-constant holomorphic map C → X(C) factors through ∆(C)); see [Bro17, BD18, GG80, Lan86, Voj15, Rou18] . For example, this conjecture is known when X is a closed subvariety of an abelian variety by the celebrated theorem of Bloch-Ochiai-Kawamata [Blo26, Och77, Kaw80] . We refer the reader to [NWY07, NWY08] for more recent advances.
The aim of this paper is to investigate non-archimedean analogues of the Green-Griffiths-LangVojta conjectures. Our starting point is the following theorem, which is the culmination of results in [Fal91, Fal94, Abr94, Voj96, Nog98] In [Che94, Che96, CR04, ACW08, LW10, LW17], the authors investigate possible non-archimedean analogues of the Green-Griffiths-Lang conjecture; however, some of their results contrast the complex analytic setting. Inspired by Cherry's work, the authors of [JV18] formulated the "correct" analogue of the Green-Griffiths-Lang conjecture for projective varieties over a non-archimedean valued field K.
Our main result is the non-archimedean analogue of the statements (2), (3), and (4) in Theorem 1.1. We refer the reader to Section 2 for the definition of a K-analytic Brody hyperbolic variety. Theorem A. Let K be an algebraically closed complete non-archimedean valued field of characteristic zero. Let X be a closed subvariety of a semi-abelian variety G over K. Then X is K-analytically Brody hyperbolic modulo Sp(X). This result is proven by Cherry [Che94, Theorem 3.5] when G is an abelian variety (so that X is projective). Our line of reasoning to prove Theorem A resembles Cherry's in that we study analytic morphisms from tori to semi-abelian varieties (see Section 3). lem, for many helpful conversations, and for sending a preliminary version of [Jav19] , which helped in writing Section 2. The author extends his thanks to Alberto Vezzani and David ZureickBrown for useful discussions. The author also thanks Lea Beneish for comments on an earlier draft.
Conventions. Throughout, K denotes an algebraically closed complete non-archimedean valued field of characteristic zero. For a locally of finite type scheme X/K, we will use X an to denote the rigid analytic space (in the sense of Tate [Tat71] ) or the adic space (in the sense of Huber [Hub94] ) associated to X, unless otherwise stated.
NON-ARCHIMEDEAN HYPERBOLICITY OF PAIRS
In this section, we extend the notion of K-analytic Brody hyperbolicity of varieties introduced in [JV18] . First, we recall their notion.
Definition 2.1 ([JV18, Definition 2.3, Lemma 2.14, Lemma 2.15]). Let X be a finite type separated scheme over K. Then X is K-analytically Brody hyperbolic if
• every analytic morphism G an m,K → X an is constant, and • for every abelian variety A over K, every morphism A → X is constant.
We now define what it means for a pair (X, D) to be hyperbolic. Our proposed definition reads as follows.
Definition 2.2. Let X be a finite type separated scheme over K and let D ⊂ X be a closed subscheme. Then X is K-analytically Brody hyperbolic modulo D (or: the pair (X, D) is K-analytically Brody hyperbolic) if
• every non-constant analytic morphism G an m,K → X an factors over D an , and • for every abelian variety A over K and every dense open subset U ⊂ A with codim(A \ U) 2, every non-constant morphism U → X of schemes factors over D.
With this definition, it is not hard to see that a proper scheme X over K is K-analytically Brody hyperbolic if and only if (X, ∅) is K-analytically Brody hyperbolic (i.e., X is K-analytically Brody hyperbolic modulo the empty set). Indeed, if X is K-analytically Brody hyperbolic and proper, then X has no rational curves. In particular, every rational map A X with A an abelian variety extends (uniquely) to a morphism A → X, and such morphisms are constant if X is K-analytically Brody hyperbolic.
Similarly, one can show that a closed subscheme X of a semi-abelian variety is K-analytically Brody hyperbolic if and only if (X, ∅) is K-analytically Brody hyperbolic; see Remark 2.4. Remark 2.3. The reader might find the condition in Definition 2.2 on the codimension of the complement of U in A unnatural. We now explain why this condition is necessary (assuming one wants to define the "right" notion of hyperbolicity). Note that Vojta has already made the observation that one has to test hyperbolicity on "big" open subsets of algebraic groups and not merely on algebraic groups; see [Voj15, Definition 2.2] and also [Jav19, §6] .
The example to keep in mind is the blow-up X of a simple abelian surface A at the origin over Q. It is not hard to see that X(C) admits a dense entire curve, and is therefore as far as possible from being Brody hyperbolic (in the usual complex-analytic sense).
Let p be a prime of good reduction of A, and consider the smooth projective variety X C p over C p . Let ∆ be the exceptional locus of X C p → A C p . Then, every non-constant morphism from G an m → X an C p factors over ∆ an . Moreover, by rigid analytic GAGA [Köp74] and the simplicity of A C p , for every abelian variety B over C p , every morphism B an → X an C p is constant. Thus, if one does not "test" the hyperbolicity on big opens of abelian varieties, the variety X C p would be C panalytically Brody hyperbolic modulo ∆ (contrary to it being very far from being Brody hyperbolic over C).
Remark 2.4. Let
A/K be an abelian variety and let G/K be a semi-abelian variety. By [Moc12, Lemma A.2], for every dense open subset U ⊂ A with codim(A \ U) 2, we have that any morphism U → G extends uniquely to a morphism A → G. Using this result, we immediately have that a closed subscheme X of G is K-analytically Brody hyperbolic if and only if X is Kanalytically Brody modulo ∅. Definition 2.5. A finite type separated scheme X over K is pseudo-K-analytically Brody hyperbolic if there is a proper closed subset D X of X such that (X, D) is K-analytically Brody hyperbolic.
ANALYTIC MAPS FROM TORI TO SEMI-ABELIAN VARIETIES
Let G be a semi-abelian variety over K. Since G is semi-abelian, there is a split torus T 1 ⊂ G, an abelian variety A over K, and a short exact sequence of commutative group schemes
Our goal is to prove that, if φ : G an m → G an is a morphism, then the Zariski closure of its image is the translate of the analytification of an algebraic subgroup of G; see Proposition 3.6 for a precise statement.
Remark 3.1. In this section, for a locally of finite type scheme X/K, we will use X an to denote the associated K-analytic space (in the sense of Berkovich [Ber90] ). We do so in order to use techniques from topology to study analytic maps from tori to semi-abelian varieties. In particular, an analytic torus is simply-connected [Ber90, Section 6.3], and a famous result of Berkovich [Ber99, Corollary 9.5] states that a smooth, connected, Hausdorff strictly K-analytic space has a universal covering which is a Hausdorff, simply connected strictly K-analytic space.
We can relate our results concerning Berkovich spaces to adic spaces using the equivalence between the category of Hausdorff strictly K-analytic spaces and the category of taut locally of finite type adic spaces [Hub96, Proposition 8.3 .7].
We start by recalling that line bundles on analytifications of tori are trivial. 
Let G be the universal covering space of G an . Note that there is a structure of a commutative Berkovich analytic group on G which makes G → G an into a homomorphism. By the universal property of universal covering spaces, the surjective homomorphism G an → A an lifts uniquely to a homomorphism G → H an .
The image of G an m → G → H an is contained in T an 2 . Indeed, the morphism G an m → H an → B an is constant, since B an has good reduction [Che94, Theorem 3.2], and so the image of G an m in H an lands inside its torus T an 2 (up to translation). Since T an 1 is simply-connected [Ber90, Section 6.3], the subgroup T an 1 ⊂ G an lifts to a subgroup T an 1 ⊂ G. Note that the homomorphism T an 1 → H an factors over T an 2 , and that the morphism T an 1 → T an 2 is algebraic [Che94, Proposition 3.4], i.e., the analytification of some morphism T 1 → T 2 . Let T 3 be the image of this morphism, which is again a split torus.
Let F be the inverse image of T an 3 ⊂ H an in G. Note that F is a closed subgroup of G and that the kernel of the homomorphism F → T an 3 equals T an 1 . Thus, there is a short exact sequence of rigid analytic groups
By Lemma 3.3, the above sequence splits, and so F is the analytification of a split torus T . This shows that the image φ(G an m ) is contained inside the split torus T an , as required. Proof. Lemma 3.4 asserts that φ(G an m ) is an analytic subgroup F ′ of G an , as it is the composition of group homomorphisms φ and the uniformization map, which is an analytic group homomorphism. Since G an m → G an → A an is Zariski dense, F ′ dominates A an , and this analytic group homomorphism has kernel T an 1 . Moreover, we have the following morphism of short exact sequences of analytic groups:
f By Berkovich analytic GAGA [Ber90, Corollary 3.4.10], Pic(A an ) is in bijective correspondence with Pic(A), which implies that F ′ is in fact an algebraic subgroup of G an . Moreover, the short five lemma tells us that the morphism f must be an isomorphism. Proof. Let ψ : G an m → A an be the composition of φ and the surjective homomorphism G an → A an . By Lemma 3.4, the image φ(G an m ) is an analytic subgroup of G an . Therefore, the image ψ(G an m ) is an analytic subgroup of A an . Thus, the Zariski closure of the image of ψ is an abelian subvariety E an of A an (see [Che94, Proof of Theorem 3.6]). Now, let F be the preimage of E inside G, and note that F is a semi-abelian variety (as it is a closed subgroup of G). Clearly, the image of the morphism φ : G an m → G an is contained in F an . Now, by construction, the image of the composed morphism G an m → F an → E an is Zariski dense in E. Therefore, by Lemma 3.5, the image of G an m in F an is the analytification of the translate of an algebraic subgroup of F. In particular, it is the analytification of the translate of an algebraic subgroup of G.
The following example shows that the image of an algebraic group under an analytic homomorphism is not necessarily an algebraic subgroup.
Example 3.7. Let E/K be an elliptic curve with multiplicative reduction and let φ : G an m,K → E an be the universal covering of E an . Consider the semi-abelian variety G = G m,K × E. Let G an m,K → G an m,K × E an be the morphism defined by z → (z, φ(z)). The image of this morphism is not an algebraic subgroup of G an . However, its Zariski closure equals G an .
To end this section, we prove Theorem A.
Proof of Theorem A. Proposition 3.6 tells us that the Zariski closure of every analytic morphism G an m → X an ⊂ G an is contained in Sp(X) an . To conclude the proof, it suffices to show that for every abelian variety A over K and every dense open subset U ⊂ A with codim(A \ U) 2, we have that every non-constant morphism U → X of schemes factors over Sp(X). By Remark 2.4, every morphism U → X ⊂ G extends to a morphism A → X ⊂ G. Now, by [Iit76, Theorem 2], any morphism between semi-abelian varieties is the composition of a group homomorphism and a translation, so that the image of A → X ⊂ G factors over Sp(X), as desired.
